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TWISTOR SECTIONS OF DIRAC BUNDLES
SERGIO A. H. CARDONA†, PEDRO SOLO´RZANO⋆, AND IVA´N TE´LLEZ‡
Abstract. A Dirac bundle is a euclidean bundle over a riemannian manifold M which is
a compatible left Cℓ(M)-module, together with a metric connection also compatible with
the Clifford action in a natural way. We prove some vanishing theorems and introduce
the twistor equation within this framework. In particular, we exhibit a characterization of
solutions for this equation in terms of the Dirac operator D and a suitable Weitzenbo¨ck-
type curvature operator R. Finally, we analyze the especial case of the Clifford bundle
to prove existence of nontrivial solutions of the twistor equation on spheres.
1. Introduction
The main purpose of this paper is to study some basic properties of Dirac bundles; in
particular, the existence of vanishing theorems and of solutions to some classically moti-
vated equations such as the twistor equation or the Killing equation. Dirac bundles are
one possible generalization of spin bundles to the case when no spin structure is required.
In the latter, the aforementioned equations have been extensively studied, see for example
[4, 6–8, 10, 11, 14, 17]. As mentioned in the abstract, a Dirac bundle is a euclidean bundle
over a riemannian manifold M which is a compatible left Cℓ(M)-module, together with a
metric connection also compatible with the Clifford action in a particular sense. With the
above data a natural Dirac operator D can be defined. The definition of a Dirac bundle
was introduced in [15]. Therein, some of the properties of Dirac bundles are developed and
classical vanishing theorems of Bochner and Lichnerowicz are proved using a generalized
Bochner identity, where the corresponding curvature term R is constructed using the cur-
vature of the Dirac bundle. We call R the Weitzenbo¨ck curvature operator of the Dirac
bundle.
One of the fundamental ideas of twistor theory is that the geometry of a real structure,
such as space-time, may be studied using an associated complex space [18]; regarding the
geometry and properties of the real structure as derived from this complex space. This
idea has been applied to reformulate various physical concepts in terms of twistors [20]
and has been adapted and developed in mathematics by many authors. For example,
Atiyah and Ward [1] used the Penrose twistor transform to give a correspondence between
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algebraic bundles on the complex projective 3-space and minimum action solutions for
SU(2) Yang-Mills fields in the euclidean 4-space.
In [19], Penrose introduced the so-called twistor equation for certain 4-manifolds. In [2]
Atiyah, Hitchin and Singer showed that if X is a self-dual 4-manifold then the projective
bundle of anti-self-dual spinors inherits the structure of a complex analytic 3-manifold
using solutions to a suitable twistor equation.
The study of the space of twistor spinors—solutions to the twistor equation on a spin
manifold—has been carried out since then. There are special solutions to this equation
called Killing spinors. It has been proved [7] that if a spin manifold M carries a Killing
spinor then M is a locally-irreducible Einstein space. In fact, the spinor bundle over
the sphere is trivialized by Killing spinors [3]. Also, if (M,g) is a compact connected
riemannian spin manifold carrying a nontrivial twistor spinor there exists an Einstein
metric g∗, conformally equivalent to g, such that the space of twistor spinors on (M,g)
coincides with the space of Killing spinors on (M,g∗). For a compendium of results and
properties of twistor spinors see [4].
We extend the notion of twistor spinor to Dirac bundles by studying the natural transla-
tion of the twistor equation to this setting. The main results of this paper are the following.
Theorem A. If the Weitzenbo¨ck curvature operator R of a Dirac bundle over a compact
riemannian manifold is positive semi-definite, then every section σ of the kernel of the
Dirac operator D is parallel and satisfies
〈Rσ, σ〉 = 0.
Furthermore, if R is also positive definite at some point, then D has trivial kernel.
This is an elementary generalization of a Bochner-type vanishing theorem when no spin
structure is assumed nor required.
Theorem B. Let (S,∇, 〈·, ·〉) be a Dirac bundle over a compact riemannian n-manifold M ,
and D and R the aforementioned Dirac and Weitzenbo¨ck curvature operators, respectively.
A section σ of S is a twistor section if and only if
D2σ =
n
n− 1
Rσ.
Moreover, in this case,
∇XDσ =
n
n− 2
[
1
n− 1
X · R −
1
2
RicX
]
σ,
where RicX : S → S is the Ricci curvature operator on S.
This theorem is a generalization of a well-known result of Lichnerowicz (see Proposition
2 in [16] p. 335) in the context of spin bundles.
Theorem C. On a Dirac bundle S over a compact riemannian n-manifold M the following
are equivalent:
(i) A section σ of S is a Killing section with constant λ.
(ii) A section σ of S satisfies Dσ = −nλσ and Rσ = λ2n(n− 1)σ.
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We would like to emphasize that the direction (i) implies (ii) in Theorem C is well-known
in the geometry of spin bundles (See [4], pp. 30-31). The converse in that setting—to the
best of our knowledge—is not in the literature. Notice that in particular Theorem C implies
the equivalence between (i) and (ii) in the classical case of spin bundles.
Theorem D. The twistor sections of Cℓ(Sn), n ≥ 2, are given by
σ = c1 + df1 + d
∗(∗f2) + ∗c2,
with constants c1, c2 and functions f1, f2 : S
n → R such that ∆fi = nfi.
This characterizes the solutions to the twistor equation in this setting, thus exhibiting
the existence of nontrivial solutions different from those of the classical spin case.
Theorems A, B, C and D appear below as Theorems 4.1, 5.4, 5.10, and 6.4 respectively.
In the Appendix we analyze the Killing equation on Clifford bundles over surfaces. In
light of Theorem A.1, this equation is much more restrictive than the twistor equation.
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2. Notations and conventions
Throughout this communication some familiarity with the theory of Clifford algebras
and spin bundles is expected. Classical references for these topics can be found within
[4, 7, 15].
From now on, M denotes an n-dimensional riemannian manifold, Cℓ(M) its Clifford
bundle, and it is assumed that all associated bundles (tangent, cotangent, exterior, Clif-
ford, etc.) are endowed with the corresponding naturally induced metrics 〈·, ·〉 and metric
connections ∇. The corresponding pointwise norms is denoted by | · |.
We also adhere to the following conventions. Tangent vectors and vector fields are
denoted with Latin capital letters X,Y , etc. and the space of vector fields by X(M).
Bundles over M are denoted by E, S, etc., and their spaces of sections (resp. compactly-
supported sections) are denoted by Γ(E), etc. (resp. by Γc(E), etc.). Individual elements
and sections are denoted by Greek letters σ, τ etc., except for elements and sections of the
Clifford bundle Cℓ(M), which —within the context of Clifford multiplication— are denoted
by Latin letters a, b, etc. The fiber over a point p in M of a bundle E is denoted by Ep.
Likewise, to avoid possible ambiguities, elements of Ep are sometimes denoted as σp.
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3. Dirac Bundles
In this section we review the notion of Dirac bundle introduced in [15], mention some
fundamental properties and prove some basic new ones. A Dirac bundle is a generalization
a spin bundle to the case when no spin structure is required. Hence, it is possible to define a
Dirac operator on such bundles. We also recall the definitions of the Weitzenbo¨ck curvature
operator —prove some elementary properties of it— and of the connection laplacian of a
Dirac bundle, and review the generalized Bochner identity that relates them.
Definition 3.1 (Dirac bundle). A bundle S overM is a Dirac bundle if it is a left Cℓ(M)–
module, together with a euclidean metric 〈·, ·〉 and a metric connection ∇, satisfying the
following two conditions:
(i) For each X ∈ TpM and σ, τ ∈ Sp
〈X · σ, τ〉+ 〈σ,X · τ〉 = 0; (3.1)
(ii) for all a ∈ Γ(Cℓ(M)) and σ ∈ Γ(S),
∇(a · σ) = (∇a) · σ + a · ∇σ. (3.2)
Spin bundles are automatically Dirac bundles. Another immediate example of a Dirac
bundle is the Clifford bundle of M itself. Since as a vector bundle Cℓ(M) is isomorphic
to the exterior bundle (see [15] p. 10), the existence of Dirac bundles is not topologically
obstructed as in the case of the bundle of spinors on a spin manifold. Several of the
algebraic properties of the Clifford action that are well known in the spin case also hold
here, e.g. from (i) it follows that for X ∈ TpM and σ ∈ Sp
|X · σ| = |X||σ|. (3.3)
Another property of Cℓ(M) that is required in the sequel is the following (see [7] p. 6. for
details): there exists a fiberwise-linear involution γ on Cℓ(M) such that for all X ∈ TpM
γp(X) = X, (3.4)
and for all a, b ∈ Cℓ(M)p
γp(a · b) = γp(b) · γp(a). (3.5)
Notice that from (3.5) it is readily verified that for any a ∈ Γ(Cℓ(M)),
∇(γ(a)) = γ(∇a). (3.6)
where ∇ is the natural connection on Cℓ(M).
Recall that a parallel subbundle of a euclidean bundle with connection is a subbundle
that is invariant under parallel translations; equivalently, if for any section of the subbundle
its covariant derivative is also a section of the subbundle (cf. [13] p. 114).
The following proposition establishes some elementary properties of Dirac bundles.
Proposition 3.2. Let S, S1 and S2 be Dirac bundles and E a euclidean vector bundle
over M . The following are Dirac bundles over M :
(i) Any parallel subbundle of S which is also a left Cℓ(M)−submodule of S with the
restricted action from S.
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(ii) The Whitney sum S1 ⊕ S2 of S1 and S2 with the action defined componentwise.
(iii) The dual S∗ of S with the action given by
(a · σ∗)(ξ) = σ∗(γ(a) · ξ), (3.7)
for any σ∗ ∈ S∗ and a ∈ Cℓ(M) over the same point and γ the aforementioned
involution.
(iv) The tensor product S ⊗ E of S and E with the action given by
a · (σ ⊗ ξ) = (a · σ)⊗ ξ, (3.8)
for any σ ∈ S, ξ ∈ E and a ∈ Cℓ(M) over the same point.
Remark 3.3. A Dirac subbundle of a Dirac bundle is any subbundle that satisfies the
conditions in (i). Also, a Dirac bundle is irreducible if it has no nontrivial Dirac subbundles.
Remark 3.4. If E is itself a Dirac bundle, then S⊗E can be considered as a Dirac bundle
in two distinct ways. This is the case, e.g., for the bundle Hom(S, S) of a Dirac bundle S.
Proof of Proposition 3.2. The proof of (i) and (ii) is straightforward and (iv) is proved
in [15] pp. 121-122 as Proposition 5.10 therein. To establish (iii), observe that it is
straightforward to verify that the action given by (3.7) induces a Cℓ(M)−module structure
on S∗. Since S is Dirac, (3.4), (3.7), and the definition of the metric dual yield that
X · σ∗ = −(X · σ)∗ (3.9)
for X ∈ TpM and σ ∈ Sp. Now, (3.9) gives
〈X · σ∗, τ∗〉 = −〈(X · σ)∗, τ∗〉 = −〈X · σ, τ〉
= 〈σ,X · τ〉 = 〈σ∗, (X · τ)∗〉 = −〈σ∗,X · τ∗〉,
establishing (i) in Definition 3.1 for S∗.
On the other hand, the standard dual connection is given by
(∇Xσ
∗)(τ) = X(σ∗(τ))− σ∗(∇Xτ), (3.10)
with X ∈ TpM , τ ∈ Γ(S) and σ
∗ ∈ Γ(S∗). It follows from (3.7), (3.10) and (3.6) that
(∇X(a · σ
∗))(τ) = X((a · σ∗)(τ)) − (a · σ∗)(∇Xτ)
= X(σ∗(γ(a) · τ))− σ∗(γ(a) · ∇Xτ)
= X(σ∗(γ(a) · τ)) + σ∗(γ(∇Xa) · τ)
− σ∗(γ(a) · ∇Xσ)− σ
∗(∇X(γ(a)) · τ)
= σ∗(γ(∇Xa) · τ) +X(σ
∗(γ(a) · τ))− σ∗(∇X(γ(a) · τ))
= σ∗(γ(∇Xa) · τ) + (∇Xσ
∗)(γ(a) · τ))
= ((∇Xa) · σ
∗ + a · ∇Xσ
∗)(τ),
establishing (ii) in Definition 3.1 for S∗. 
Lemma 3.5. The orthogonal complement of a Dirac subbundle is also a Dirac subbundle.
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Proof. Let E ⊂ S be a Dirac subbundle of S. The proof that E⊥ is also parallel is straight-
forward. To see that it is a Cℓ(M)-module as well, let e1, . . . , en be a local orthonormal
frame. By part (i) of Definition 3.1,
〈ei1 · . . . · eik · σ, τ〉 = (−1)
k〈σ, γ(ei1 · . . . · eik) · τ〉,
which implies that for any a ∈ Cℓ(M), σ, τ ∈ S, there exists b ∈ Cℓ(M) such that
〈a · σ, τ〉 = 〈σ, b · τ〉.
Letting σ ∈ E⊥ and τ ∈ E, shows that a · σ ∈ E⊥. 
Proposition 3.6. Dirac bundles of finite rank are the sum of irreducible Dirac bundles.
Proof. The proof is by induction on the rank of S: Let E be a nontrivial irreducible Dirac
subbundle of S, then by Lemma 3.5, E⊥ is a Dirac subbundle whose rank is strictly less
than the rank of S. 
On a Dirac bundle, it is possible to define a Dirac operator imitating the classical defini-
tion of the Dirac operator of a spin bundle. Consequently, the Dirac operator D : Γ(S)→
Γ(S) of a Dirac bundle is locally given by
Dσ =
n∑
i=1
ei · ∇eiσ, (3.11)
where e1, . . . , en is a local orthonormal frame of M . It is known that D and D
2 are elliptic
operators. Observe that D satisfies the following Leibniz rule:
D(fσ) = ∇f · σ + fDσ, (3.12)
for f and σ smooth. The formula
(σ, τ) =
∫
M
〈σ, τ〉 (3.13)
defines an inner product,1 whose norm is denoted by ‖ · ‖, on the corresponding L2-space.
There, the Dirac operator D is formally self-adjoint with respect to it, i.e.,
(Dσ, τ) = (σ,Dτ). (3.14)
In particular, ifM is compact, kerD = ker(D2). An extension of this to complete riemann-
ian manifolds is also known (see Theorem 5.7 in [15] p. 117). Here we present a different
proof that is a consequence of the following result.
Proposition 3.7. Let M be complete and let S be a Dirac bundle over it. Then, for each
σ ∈ Γ(S) and t > 0,
‖Dσ‖2 ≤ t‖D2σ‖2 +
1
t
‖σ‖2. (3.15)
1This and some subsequent constructions can be done on a euclidean vector bundle with a metric
connection. Since the main purpose of this communication is to focus on Dirac bundles, we restrict our
attention to them.
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Proof. (The arguments below follow closely those in [7] pp. 96-98.) Observe that there is
nothing to prove if ‖σ‖ is infinite; therefore assume that ‖σ‖ is finite.
Since M is complete, in particular it is metrically complete with respect to the shortest
path metric d and the metric balls,
Bp(r) = {q ∈M : d(p, q) < r}
for each p ∈M and r > 0, are pre-compact.
Fix a point p0 ∈ M and let B(r) denote Bp0(r). Using a standard argument of bump
functions it is possible to define, for any r > 0, a smooth function fr : M → [0, 1] such
that fr ≡ 1 on B(r), suppfr ⊂ B(2r), and
|∇(fr)|
2 ≤
C2
r2
, (3.16)
for a certain constant C independent of r (see [7] pp. 95-96 for details on this construction).
For any ε > 0 and σ ∈ Γ(S), we have∫
B(2r+ε)
|frDσ|
2 =
∫
B(2r+ε)
〈
D(f2rDσ), σ
〉
=
∫
B(2r+ε)
〈2fr∇(fr) ·Dσ, σ〉+
∫
B(2r+ε)
〈f2rD
2σ, σ〉.
To show this, observe that in the first line, integration over B(2r + ε) coincides with
integration over the whole M , and thus we can use (3.14). Using (i) of Definition 3.1 in
the above expression and letting ε go to zero yields
∫
B(2r)
|frDσ|
2 =
∫
B(2r)
〈D2σ, f2r σ〉 −
∫
B(2r)
〈frDσ, 2∇(fr) · σ〉. (3.17)
The fact that, for any t > 0,
|〈x, y〉| ≤
t
2
|x|2 +
1
2t
|y|2
allows us to estimate each of the right-hand-side terms of (3.17). Indeed, from the definition
of fr, it yields ∣∣∣∣∣
∫
B(2r)
〈D2σ, f2r σ〉
∣∣∣∣∣ ≤
t
2
∫
B(2r)
|D2σ|2 +
1
2t
∫
B(2r)
|σ|2. (3.18)
Also, for t = 1, using (3.3) and (3.16),∣∣∣∣∣
∫
B(2r)
〈frDσ, 2∇(fr) · σ〉
∣∣∣∣∣ ≤
1
2
∫
B(2r)
|frDσ|
2 +
2C2
r2
∫
B(2r)
|σ|2. (3.19)
Applying the triangle inequality to (3.17), together with (3.18) and (3.19) —and grouping
like terms— yields∫
B(2r)
|frDσ|
2 ≤ t
∫
B(2r)
|D2σ|2 +
(
1
t
+
4C2
r2
)∫
B(2r)
|σ|2.
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Finally, since ∫
B(r)
|Dσ|2 ≤
∫
B(2r)
|frDσ|
2,
letting r go to infinity in the previous two inequalities finishes the proof. 
Corollary 3.8. Let M be complete. In the space of L2-section over S,
kerD = ker(D2). (3.20)
Proof. One inclusion is evident. Assume D2σ = 0 for an L2-section σ of S. Elementary
elliptic theory yields that σ ∈ Γ(S) (see [15] pp. 113 and 193 for details). From Proposition
3.7,
‖Dσ‖2 ≤
1
t
‖σ‖2,
for any t > 0. Therefore Dσ = 0. 
The connection laplacian ∇∗∇ : Γ(S)→ Γ(S) is defined by
∇∗∇σ = −tr(∇2σ),
for any σ ∈ Γ(S), where for each X,Y ∈ X(M) the operator ∇2X,Y : Γ(S) → Γ(S) is
given by ∇2X,Y σ = ∇X∇Y σ −∇∇XY σ (notice that it is tensorial in X and Y ). The name
laplacian is justified since it satisfies
(∇∗∇σ, τ) = (∇σ,∇τ) (3.21)
for all σ, τ ∈ Γc(S); in the right-hand side, ∇σ and ∇τ are regarded as sections of T
∗M⊗S.
In terms of a local orthonormal frame e1, . . . , en,
∇∗∇σ = −
n∑
j=1
∇2ej ,ejσ, (3.22)
and
(∇σ,∇τ) =
∑
j
(∇ejσ,∇ejτ). (3.23)
From (3.21) it is evident that the connection laplacian is nonnegative and formally self-
adjoint. Moreover, in the compact case (3.21) implies that ∇∗∇σ = 0 if and only if σ is
parallel (details in [15] pp. 154-155).
The Weitzenbo¨ck curvature operator of a Dirac bundle S over M is the linear operator
R : S → S defined for a local orthonormal frame e1, . . . , en by the formula
Rσ =
∑
i<j
ei · ej ·R(ei, ej)σ. (3.24)
This operator is well-defined and satisfies the generalized Bochner identity (see [15], p.
155),
D2 = ∇∗∇+R. (3.25)
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Notice that it is evident from the Bochner identity that R is formally self-adjoint, since
both D and ∇∗∇ are too (cf. (3.14) and (3.21)). For R even more is true, as the following
proposition shows.
Proposition 3.9. The Weitzenbo¨ck operator of a Dirac bundle is pointwise self-adjoint.
Proof. Let e1, . . . , en be a local orthonormal frame. It is easy to verify that
R(ei, ej)(ek · σ) = ek · R(ei, ej)σ.
Using this and the standard fact that 〈R(ei, ej)σ, τ〉 = −〈σ,R(ei, ej)τ〉,
〈Rσ, τ〉 =
∑
i<j
〈ei · ej ·R(ei, ej)σ, τ〉
=
∑
i<j
〈σ,R(ei, ej)(ei · ej · τ)〉
=
∑
i<j
〈σ, ei · ej · R(ei, ej)τ〉
= 〈σ,Rτ〉. 
The next proposition provides specific formulas for the Weitzenbo¨ck operator of the bundles
described in Proposition 3.2.
Proposition 3.10. Let R denote the Weitzenbo¨ck operator on each of the following cases.
(i) On a Dirac subbundle R is the restriction of the ambient Weitzenbo¨ck operator.
(ii) On the Whitney sum of two Dirac bundles,
R(ξ, ζ) = (Rξ,Rζ). (3.26)
(iii) On the dual of a Dirac bundle,
R(σ∗) = (Rσ)∗. (3.27)
(iv) On a tensor product of a Dirac bundle and a euclidean bundle, locally,
R(σ ⊗ ξ) = Rσ ⊗ ξ +
∑
i<j
ei · ej · σ ⊗R(ei, ej)ξ, (3.28)
where e1, . . . , en is a local orthonormal frame.
Remark. The last term of the right-hand side of (3.28) is already defined in [15] p. 164.
It could be described invariantly as tr(ω 7→ ω · σ ⊗ R(ω)ξ), with ω ∈ Λ2TM . Proposition
4.6 below uses a real-valued version of this trace.
Proof of Proposition 3.10. Parts (i) and (ii) are immediate. To see parts (iii) and (iv), let
e1, . . . , en be a local orthonormal frame. For the dual bundle, let σ, η ∈ S over the same
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point. Then, since R(X,Y )(σ∗) = (R(X,Y )σ)∗,
[R(σ∗)](η) =
∑
i<j
ei · ej ·R(ei, ej)(σ
∗)(η) =
∑
i<j
ei · ej · (R(ei, ej)σ)
∗(η)
=
∑
i<j
〈R(ei, ej)σ, γ(ej) · γ(ei) · η〉 =
∑
i<j
〈ei · ej ·R(ei, ej)σ, η〉
= 〈Rσ, η〉 = (Rσ)∗(η).
For the tensor product, let σ, ξ ∈ S over the same point. Then
R(σ ⊗ ξ) =
∑
i<j
ei · ej · R(ei, ej)(σ ⊗ ξ)
=
∑
i<j
ei · ej · (R(ei, ej)σ ⊗ ξ + σ ⊗R(ei, ej)ξ)
= Rσ ⊗ ξ +
∑
i<j
ei · ej · σ ⊗R(ei, ej)ξ. 
4. Vanishing results
The purpose of this section is to prove Theorem A as well as to establish some basic
properties related to the positivity2 of the Weitzenbo¨ck operator. As a general principle,
Bochner-type identities gives rise to Bochner vanishing theorems, e.g. in Complex Geom-
etry there is a Bochner identity relating the Chern connection and the mean curvature for
any holomorphic vector bundle. Such a result together with some conditions on the mean
curvature implies the parallelism or nonexistence of holomorphic sections (see [12] ch. 3).
In our context this is also the case: the Bochner identity (3.25) together with a positivity
condition implies Theorem A, which is a particular type of Bochner vanishing theorem.
Theorem 4.1. If the Weitzenbo¨ck curvature operator R of a Dirac bundle over a compact
manifold is positive semi-definite, then every section σ of the kernel of the Dirac operator
D is parallel and satisfies
〈Rσ, σ〉 = 0. (4.1)
Furthermore, if R is positive definite at some point, then D has trivial kernel.
Proof. To see the first claim, assume R is positive semi-definite and let σ be a section in
the kernel of D. Then 〈Rσ, σ〉 ≥ 0 and by (3.21) and (3.25),
0 = (D2σ, σ) = (∇∗∇σ, σ) + (Rσ, σ) = ‖∇σ‖2 + (Rσ, σ).
Being nonnegative, the two terms on the right-hand side of the last equation must vanish,
therefore σ is parallel and satisfies (4.1).
Furthermore, assume R is also positive definite at a point. Therefore it is positive
definite in a neighborhood and (Rσ, σ) > 0 for any σ that doesn’t vanish identically on
that neighborhood. Now let σ be a section in the kernel of D. By the first part it is parallel
2Recall that a self-adjoint operator P is positive semi-definite (resp. definite) if for all v (resp. for v 6= 0)
in its domain 〈Pv, v〉 ≥ 0 (resp. 〈Pv, v〉 > 0).
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and (Rσ, σ) = 0. Being parallel, if σ is nonzero at a point, it is nonzero everywhere. Thus,
σ is identically zero. 
Next we study some further properties of the Weitzenbo¨ck operator and establish condi-
tions under which its positivity is preserved under the bundle constructions considered in
Proposition 3.2. The Weitzenbo¨ck operator on any Dirac subbundle inherits any positivity
from the ambient. For the Whitney sum and the dual we have the following results.
Proposition 4.2. The Weitzenbo¨ck operator on the Whitney sum of Dirac bundles is
positive semi-definite (resp. definite) if and only if the Weitzenbo¨ck operator on each
summand is positive semi-definite (resp. definite).
Proof. Both directions follow readily from (3.26). 
Proposition 4.3. The Weitzenbo¨ck operator on a Dirac bundle is positive semi-definite
(resp. definite) if and only if the Weitzenbo¨ck operator on its dual is positive semi-definite
(resp. definite).
Proof. Both directions follow readily from (3.27). 
The case of the tensor product requires a more detailed analysis.
Lemma 4.4. Let S and E be euclidean bundles over M and assume further that S is
Dirac. The Weitzenbo¨ck operator on S ⊗ E satisfies that
〈R(σ ⊗ ξ), σ ⊗ ξ〉 = 〈Rσ, σ〉〈ξ, ξ〉 (4.2)
for any σ ∈ S and ξ ∈ E over the same point.
Proof. From (3.28) it follows that
〈R(σ ⊗ ξ), τ ⊗ ζ〉 = 〈Rσ ⊗ ξ, τ ⊗ ζ〉+
∑
i<j
〈ei · ej · σ ⊗R(ei, ej)ξ, τ ⊗ ζ〉
= 〈Rσ, τ〉〈ξ, ζ〉 +
∑
i<j
〈ei · ej · σ, τ〉〈R(ei, ej)ξ, ζ〉. (4.3)
Taking τ ⊗ ζ = σ ⊗ ξ finishes the proof. 
Proposition 4.5. Let S and E be euclidean bundles over M and assume further that S
is Dirac. The Weitzenbo¨ck operator on S is positive semi-definite (resp. definite) if the
Weitzenbo¨ck operator on S ⊗ E is also positive semi-definite (resp. definite).
Proof. If the Weitzenbo¨ck operator on S ⊗ E is positive semi-definite then 〈Rη, η〉 ≥ 0
(resp. 〈Rη, η〉 > 0) for any η ∈ S ⊗E (resp. for η 6= 0). In particular, by letting η = σ⊗ ξ
the result now follows from (4.2). 
It is important to mention that in other contexts these types of definiteness are inherited
in tensor products (see for instance [12] p. 53); to accomplish that, both factors must
possess such property. For Dirac bundles, even though the Dirac structure on S ⊗ E is
defined only using the Dirac structure of S, (4.3) shows that the Weitzenbo¨ck operator on
S ⊗ E depends on the geometry of E. A condition for such converse to hold is now given.
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Proposition 4.6. Let S be a Dirac bundle with positive Weitzenbo¨ck operator and let E
be any euclidean bundle. Let Θ be the bilinear form on S ⊗E determined by
Θ(σ ⊗ ξ, τ ⊗ ζ) = tr
(
ω 7→ 〈ω · σ, τ〉〈R(ω)ξ, ζ〉
)
. (4.4)
The Weitzenbo¨ck operator on S ⊗ E is positive semi-definite if and only if
〈Rσ, σ〉〈Rτ, τ〉|ξ|2 |ζ|2 − 〈Rσ, τ〉2〈ξ, ζ〉2 − 2〈Rσ, τ〉Θ −Θ2 ≥ 0, (4.5)
for all σ ⊗ ξ, τ ⊗ ζ ∈ S ⊗ E over the same point. Furthermore, it is positive definite if the
inequality is strict for nonzero vectors.
Proof. It follows from (4.3) and (4.4) that
〈R(σ ⊗ ξ), τ ⊗ ζ〉 = 〈Rσ, τ〉〈ξ, ζ〉 +Θ(σ ⊗ ξ, τ ⊗ ζ).
Notice that Θ(η, η) = 0 for any η ∈ S⊗E (cf. (4.3) in Lemma 4.4). For linearly independent
σ ⊗ ξ and τ ⊗ ζ in S ⊗E,[
〈Rσ, σ〉|ξ|2 〈Rσ, τ〉〈ξ, ζ〉 +Θ
〈Rσ, τ〉〈ξ, ζ〉 +Θ 〈Rτ, τ〉|ζ|2
]
is the matrix associated to R restricted to the subspace generated by σ ⊗ ξ and τ ⊗ ζ.
Observe that the left-hand side of (4.5) is nothing but the determinant of this matrix;
from which the conclusion follows. 
An immediate consequence is the following result.
Proposition 4.7. Let S be a Dirac bundle with positive semi-definite (resp. definite)
Weitzenbo¨ck operator and let E be a euclidean bundle with connection. If Θ ≡ 0 then the
Weitzenbo¨ck operator on S ⊗ E is positive semi-definite (resp. definite).
Proof. If Θ ≡ 0, then all that is left to verify (4.5) is that
〈Rσ, σ〉〈Rτ, τ〉|ξ|2|ζ|2 ≥ 〈Rσ, τ〉2〈ξ, ζ〉2.
Using Cauchy-Schwarz, it is sufficient to verify that
〈Rσ, σ〉〈Rτ, τ〉 ≥ 〈Rσ, τ〉2.
And this holds since R is positive semi-definite (resp. definite) on S. 
Corollary 4.8. For E flat, the Weitzenbo¨ck operator of S ⊗ E is positive semi-definite
(resp. definite) if and only if the Weitzenbo¨ck operator of S is positive semi-definite (resp.
definite).
Proof. This is immediate from the fact that Θ vanishes identically in this case. 
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5. Twistor sections
The purpose of this section is to prove Theorem B and Theorem C. To do this, we first
introduce the twistor and Killing equations for sections of Dirac bundles and we establish
some natural extensions of well-known facts in Spin Geometry.
Definition 5.1 (Twistor section). A section σ of a Dirac bundle S is a twistor section
if it satisfies
∇Xσ +
1
n
X ·Dσ = 0, (5.1)
for all X ∈ TM .
Definition 5.2 (Killing section). A section σ of a Dirac bundle S is a Killing section
with constant λ if it satisfies
∇Xσ = λX · σ (5.2)
for all X ∈ TM .
Equations (5.1) and (5.2) are respectively the twistor and Killing equations on S.
The following result is a natural extension to Dirac bundles of a result for spin bundles
(see the proposition in [7] p. 117).
Proposition 5.3. Let σ be a Killing section with constant λ of a Dirac bundle S over an
n-dimensional M .
(i) If M is connected, then σ vanishes identically if it vanishes at a point.
(ii) The section σ is also twistor. Moreover, it is an eigensection of the Dirac operator
with eigenvalue −nλ.
Proof. The proof is straightforward and it is essentially identical to the proof of the propo-
sition in [7] p. 117. The difference is that therein a hermitian inner product is used.3 
In the case of spin bundles, the classical Bochner identity implies explicit conditions
for the twistor equation to be satisfied. These formulas relate the Dirac operator and the
curvature to a solution of the twistor equation. In the Dirac bundle case, the following
result shows that there also exist explicit conditions linking the generalized Bochner identity
(3.25) and the twistor equation (5.1). It is a generalization of Proposition 2 in [16] p. 335
and of the first two formulas of Theorem 3 in [4] p. 24. In analogy to the expressions found
in the latter, we define the Ricci curvature operator RicX : S → S of a Dirac bundle S by
RicXσ = 2
n∑
i=1
ei ·R(ei,X)σ,
where e1, . . . , en is a local orthonormal frame.
3A result corresponding to the third part of that proposition is not included here since in the euclidean
case 〈ei · σ, σ〉 = 0, and thus the vector field
∑
〈ei · σ, σ〉ei vanishes identically.
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Theorem 5.4. Let S be a Dirac bundle over a compact M . A section σ of S is a twistor
section if and only if
D2σ =
n
n− 1
Rσ. (5.3)
Moreover, in this case,
∇XDσ =
n
n− 2
[
1
n− 1
X · R −
1
2
RicX
]
σ. (5.4)
Proof. Let σ be a twistor section of S and let e1, . . . , en be a local orthonormal frame.
Then from (3.22) and(5.1),
∇∗∇σ = −
n∑
j=1
∇2ej ,ejσ = −
n∑
j=1
(
∇ej∇ejσ −∇∇ej ejσ
)
=
1
n
n∑
j=1
(
∇ej(ej ·Dσ)−∇ejej ·Dσ
)
=
1
n
D2σ.
At this point (5.3) follows from the general Bochner identity (3.25).
Conversely, if σ ∈ Γ(S) satisfies (5.3) then, again using (3.25), σ satisfies
∇∗∇σ =
1
n
D2σ.
Using this, (3.14), (3.21) and (3.23), it follows that
n∑
j=1
‖∇ejσ +
1
n
ej ·Dσ‖
2 =
n∑
j=1
{
‖∇ejσ‖
2 +
2
n
(ej ·Dσ,∇ejσ) +
1
n
‖Dσ‖2
}
= (∇∗∇σ, σ)−
2
n
(Dσ,Dσ) +
1
n
(Dσ,Dσ)
= (∇∗∇σ, σ)−
1
n
(D2σ, σ) = 0.
So that ∇ejσ +
1
n
ej ·Dσ = 0 for j = 1, . . . , n; from which (5.1) follows.
To prove (5.4) let σ be a twistor section, and X,Y ∈ TM over the same point. Then,
R(X,Y )σ =
1
n
(
X · ∇YDσ − Y · ∇XDσ
)
. (5.5)
Indeed, for two commuting vector fields X,Y ∈ X(M),
R(X,Y )σ = ∇X∇Y σ −∇Y∇Xσ
=
1
n
(
∇Y (X ·Dσ)−∇X(Y ·Dσ)
)
=
1
n
(
X · ∇YDσ − Y · ∇XDσ
)
.
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Since this is tensorial (5.5) holds. Lastly, using (5.3) and (5.5),
1
2
RicXσ =
n∑
i=1
ei · R(ei,X)σ
=
1
n
n∑
i=1
(
ei · ei · ∇XDσ − ei ·X · ∇eiDσ
)
= −∇XDσ +
1
n
X ·D2σ +
2
n
n∑
i=1
〈ei,X〉∇eiDσ
= −∇XDσ +
1
n− 1
X · Rσ +
2
n
∇XDσ
=
2− n
n
∇XDσ +
1
n− 1
X · Rσ,
from which (5.4) follows. 
Consider for each X ∈ X(M), the endomorphism KX : S → S given by
KX =
n
n− 2
[
1
n− 1
LX ◦ R −
1
2
RicX
]
, (5.6)
where LX : S → S is the Clifford multiplication by X. By (5.1) and (5.4),
∇Xσ = −
1
n
LX ◦Dσ ∇XDσ = KXσ. (5.7)
which suggests the following result (cf. [4] p. 26).
Theorem 5.5. On E = S ⊕ S, with respect to the connection ∇E : Γ(E)→ Γ(T ∗M ⊗ E)
given by the matrix (
∇ 1
n
L
−K ∇
)
a section σ is a twistor section if and only if (σ,Dσ) is ∇E-parallel.
Proof. That for a twistor section σ, ∇E(σ,Dσ) = 0 is immediate from (5.7). Conversely,
let (σ, τ) be ∇E-parallel. Then ∇Xσ = −
1
n
X · τ holds true for all X ∈ TM and thus
Dσ =
n∑
i=1
ei · ∇eiσ =
n∑
i=1
ei · (−
1
n
ei · τ) = τ,
which establishes the claim. 
Corollary 5.6. A twistor section σ is determined by σp0 and Dσp0 for a single p0.
Corollary 5.7. The space of solutions to the twistor equation is finite-dimensional and its
dimension is bounded by 2 rkS.
Corollary 5.8. If for a twistor section σ, both σ and Dσ vanish simultaneously at a point,
then σ vanishes identically.
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The form of (5.2), as well as Theorem 5.5, suggest the use of modified connections (cf.
[7] pp. 114-115) such as the one in the following technical result.
Lemma 5.9. Let f : M → R be any smooth function and let ∇f be the covariant derivative
on S given by
∇fXσ = ∇Xσ + fX · σ. (5.8)
Then ∇f is metric,
∇f∗∇fσ = ∇∗∇σ −∇f · σ − 2fDσ + nf2σ, (5.9)
and
(D − f)2σ = ∇f∗∇fσ +Rσ + (1− n)f2σ. (5.10)
Proof. To see that ∇f is metric, notice that
〈∇fXσ, τ〉+ 〈σ,∇
f
Xτ〉 = 〈∇Xσ, τ〉 + 〈σ,∇Xτ〉.
Now, let e1, . . . , en be a local orthonormal frame. Then
∇fej∇
f
ej
σ = ∇ej∇ejσ +∇ej(fej · σ) + fej · ∇ejσ + fej · (fejσ)
= ∇ej∇ejσ + ej(f)ej · σ + f∇ejej · σ + 2fej · ∇ejσ − f
2σ,
and
∇f∇ej ej
σ = ∇∇ej ejσ + f∇ejej · σ.
From these two expressions, it follows that
∇f∗∇fσ = −
n∑
j=1
[∇f ]2ej ,ejσ
= −
n∑
j=1
(∇fej∇
f
ej
σ −∇f∇ej ej
σ)
= −
n∑
j=1
(∇2ej ,ejσ + ej(f)ej · σ + 2fej · ∇ejσ − f
2σ)
= ∇∗∇σ −∇f · σ − 2fDσ + nf2σ,
which establishes (5.9). To see (5.10), use (3.12) and the general Bochner identity,
(D − f)2σ = D2σ − 2fDσ −∇f · σ + f2σ
= ∇∗∇σ +Rσ − 2fDσ −∇f · σ + f2σ
= ∇f∗∇fσ +Rσ + (1− n)f2σ. 
The following result characterizes Killing sections on Dirac bundles over compact manifolds.
Theorem 5.10. On a Dirac bundle S over a compact n-dimensional M the following are
equivalent.
(i) A section σ of S is a Killing section with constant λ.
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(ii) A section σ of S satisfies Dσ = −nλσ and Rσ = λ2n(n− 1)σ.
Proof. Let σ be as in (i), then
Dσ =
n∑
i=1
ei · ∇eiσ = λ
n∑
i=1
ei · ei · σ = −nλσ.
Thus D2σ = n2λ2σ, which together with (5.3) establishes the remaining formula in (ii).
Conversely, let σ be as in (ii) and use (5.10) with f = −λ to obtain
(D + λ)2σ = ∇−λ∗∇−λσ +Rσ + (1− n)λ2σ.
Using both conditions of (ii) in this last formula immediately yields that
∇−λ∗∇−λσ = 0.
Recall that the notion of connection laplacian can be defined on euclidean vector bundles
and that properties such as (3.21) still hold. In particular, this is the case of S with metric
connection ∇−λ. Therefore, since M is compact it follows that σ is ∇−λ-parallel. This is
exactly the Killing condition (5.2) for constant λ. 
To end this section we provide another characterization of the Killing condition in terms
of a lower bound for the square of the eigenvalues of the Dirac operator.
Proposition 5.11. Let S be a Dirac bundle over a compact M and let µ be an eigenvalue
of D, then
µ2 ≥
n
n− 1
R0, (5.11)
where
R0 = min
|σ|=1
〈Rσ, σ〉.
Moreover, the equality holds if and only if σ is a Killing section with constant ∓
√
R0
n(n−1)
and R is positive semi-definite.
Proof. Let σ be an eigensection of D with eigenvalue µ. On (5.10) let f = µ
n
to obtain
µ2
n− 1
n
σ = ∇
µ
n
∗∇
µ
nσ +Rσ.
Since M is compact, (3.21) yields
µ2
n− 1
n
(σ, σ) = (∇
µ
nσ,∇
µ
nσ) + (Rσ, σ) ≥ R0(σ, σ),
which implies (5.11).
Furthermore, if equality holds, then σ is ∇
µ
n -parallel; i.e. σ is Killing with constant
λ = −µ
n
= ∓
√
R0
n(n−1) . Conversely, if σ is a Killing section with constant λ = ∓
√
R0
n(n−1) ,
then by Theorem 5.10,
Dσ = −nλσ = ±
√
n
n− 1
R0 σ.
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Hence, µ = ±
√
n
n−1R0 is an eigenvalue of D and equality in (5.11) holds. 
6. The Clifford bundle case
The main purpose of this section is to prove Theorem D. First, we study the interplay
of the Weitzenbo¨ck operator with the additional structure of the Clifford bundle. Then,
in Proposition 6.2 we prove that the trace of the Weitzenbo¨ck operator when restricted to
p-forms is a multiple of the scalar curvature. Lastly, we restrict our attention to spaces of
constant sectional curvature and obtain explicit formulas for the Weitzenbo¨ck operator.
Under the standard identification with the exterior bundle, the Dirac operator is given
as D = d+ d∗, from which
D2 = ∆, (6.1)
where ∆ is the usual Hodge laplacian (see [15] p. 123). A simple computation shows that
for any function f and any n-form ω
R(f) = R(ω) = 0. (6.2)
Furthermore, for any 1-form ϕ,
Rϕ = Ric(ϕ) (6.3)
and R is positive semi-definite (resp. definite) whenever the curvature operator R :
Λ2(M)→ Λ2(M) is positive semi-definite (resp. definite) (see [15] pp. 156-160).
Following the standard multi-index notation for forms (cf. [12]), for any e1, . . . , en local
orthonormal frame and for any ordered I ⊂ {1, . . . , n} denote by eI the corresponding
exterior form and denote by I ′ = {1, . . . , n} \ I, its ordered complement. Since the Hodge
operator ∗ is given by the equation
ϕ ∧ ∗ψ = 〈ϕ,ψ〉 ∗ 1, (6.4)
where ∗1 = e{1,...,n}, it follows ∗eI = (−1)
ℓI eI′ , for an appropriate ℓI .
Proposition 6.1. On the Clifford bundle the Weitzenbo¨ck operator and the Hodge operator
commute.
Proof. In view of (3.25), it is enough to prove that ∗ commutes with D2 and ∇∗∇. Since
the operator D2 satisfies (6.1), it commutes with ∗. Hence, by (3.22), it is enough to prove
that ∇ commutes with ∗. To see this, notice that
∗ 1 · ϕ = (−1)p(n−p)+
p(p+1)
2 ∗ ϕ (6.5)
for any p-form ϕ (see (5.35) in [15] p. 129). Now, since ∗1 is parallel,
∇X(∗ϕ) = (−1)
p(n−p)+
p(p+1)
2 ∇X(∗1 · ϕ)
= (−1)p(n−p)+
p(p+1)
2 ∗ 1 · ∇Xϕ
= ∗∇Xϕ,
where (6.5) is used for ϕ and ∇Xϕ. 
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Proposition 6.2. On the exterior bundle of M , for any p = 1, . . . , n− 1, the trace of the
restriction Rp of the Weitzenbo¨ck operator to p-forms is
trRp =
(
n− 2
p− 1
)
s, (6.6)
where s is the scalar curvature of M . In particular, in light of (6.2), the trace of the total
Weitzenbo¨ck operator is
trR = 2n−2s. (6.7)
Proof. As is well known, the curvature operator on 2-forms is determined by
〈R(ei ∧ ej), ek ∧ eℓ〉 = 〈R(ei, ej)eℓ, ek〉,
and it is self-adjoint. In terms of this operator,
〈Rϕ,ϕ〉 =
1
4
∑
ξ,ζ∈B
〈Rξ, ζ〉〈[ξ, ϕ], [ζ, ϕ]〉,
for any orthonormal basis B of the space of 2-forms (cf. [15] p. 159). Using the above
formula, the trace of Rp is given by
trRp =
∑
|I|=p
〈ReI , eI〉 =
1
4
∑
|I|=p
∑
ξ∈B
λξ
∣∣[ξ, eI ]∣∣2, (6.8)
assuming B is a basis of eigen-2-forms ofR, with λξ the corresponding eigenvalue for ξ ∈ B.
To compute the right-hand side of (6.8), let ξ = 12
∑
ξijeiej to yield that
∣∣[ξ, eI ]∣∣2 = 1
4
∑
i,j,k,ℓ
ξijξkℓ〈[eiej , eI ], [ekeℓ, eI ]〉. (6.9)
An easy computation gives that
[eiej , eI ] =


0 if {i, j} ⊂ I
0 if {i, j} ⊂ I ′
2eiejeI otherwise,
(6.10)
from which it follows that 〈[eiej , eI ], [ekeℓ, eI ]〉 is nonzero only when {i, j} = {k, ℓ} provided
that {i, j} is not contained in either of I or I ′. Taking into account these four cases, (6.9)
and (6.10) imply that
∣∣[ξ, eI ]∣∣2 =∑
i∈I
∑
j∈I′
(ξij)2 −
∑
i∈I
∑
j∈I′
ξijξji −
∑
i∈I′
∑
j∈I
ξijξji +
∑
i∈I′
∑
j∈I
(ξij)2
= 4
∑
i∈I
∑
j∈I′
(ξij)2,
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since ξji = −ξij . Replace
∣∣[ξ, eI ]∣∣2 by this last expression in (6.8) to obtain
trRp =
∑
ξ∈B
λξ
∑
|I|=p
∑
i∈I
∑
j∈I′
(ξij)2. (6.11)
Observe that for fixed i and j, there are
(
n−2
p−1
)
subsets I for which i ∈ I and j ∈ I ′. This
implies that
∑
|I|=p
∑
i∈I
∑
j∈I′
(ξij)2 =
(
n− 2
p− 1
)∑
i,j
(ξij)2 = 2
(
n− 2
p− 1
)
, (6.12)
since ξ ∈ B has norm 1. Finally, since∑
ξ∈B
λξ = trR =
s
2
,
use (6.11) and (6.12) to yield (6.6). A standard computation yields (6.7). 
Theorem 5.4 can be used to solve the twistor equation completely on Cℓ(Sn). In order to
do that the following preliminary result is needed, which might be of independent interest.
Lemma 6.3. Let M have constant sectional curvature κ. On the exterior bundle, the
restriction Rp of the Weitzenbo¨ck operator to p-forms is
Rpϕ = κp(n− p)ϕ. (6.13)
Proof. Let e1, . . . , en be a local orthonormal frame. From [15] p. 111, the curvature
operator on Cℓ(M) can be written as
R(X,Y )ϕ =
1
2
∑
k<l
〈R(X,Y )ek, el〉[ek · el, ϕ]. (6.14)
In particular, it follows from this formula and (6.10) that
R(ei, ej)eI =
1
4
∑
k,l
〈R(ei, ej)ek, el〉[ek · el, ϕ] ≡
1
4
∑
k,ℓ
Rijkℓ[ek · el, ϕ]
=
1
2
∑
k∈I
∑
ℓ∈I′
Rijkℓ ek · eℓ · eI +
1
2
∑
k∈I′
∑
ℓ∈I
Rijkℓ ek · eℓ · eI
=
∑
k∈I
∑
ℓ∈I′
Rijkℓ ek · eℓ · eI .
Since κ is constant, R(X,Y )Z = κ(〈Y,Z〉X − 〈X,Z〉Y ), and thus
RpeI =
1
2
∑
i,j
∑
k∈I
∑
ℓ∈I′
κ(δiℓδjk − δikδjℓ)ei · ej · ek · eℓ · eI
=
∑
k∈I
∑
ℓ∈I′
κeI = κp(n− p)eI . 
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Theorem 6.4. The twistor sections of Cℓ(Sn), n ≥ 2, are given by
σ = c1 + df1 + d
∗(∗f2) + ∗c2, (6.15)
with constants c1, c2 and functions f1, f2 : S
n → R such that ∆fi = nfi.
Solutions to ∆f = nf are well known to exist (see [5] for details).
Proof of Theorem 6.4. From Theorem 5.4 to find twistor sections is equivalent to solving
(5.3). Let σ = σ0 + · · · + σn, where σp is of degree p. From (6.1) and Lemma 6.3, σ is a
twistor section if and only if
∆σp =
n
n− 1
p(n− p)σp, p = 0, 1, . . . , n. (6.16)
Hereinafter the fact that ∆ commutes with d and d∗ is used extensively; e.g. if σ0 = g and
σn = ∗h, by (6.16) g and h are harmonic and thus constant.
Now, for p 6= 0 and p 6= n, the smallest positive eigenvalue µn,p for ∆ on the space of
p-forms of Sn is given as the minimum
µn,p = min{p(n− p+ 1), (p + 1)(n − p)}, (6.17)
where p(n− p+ 1) (resp. (p+ 1)(n− p)) corresponds to the first positive eigenvalue when
restricted to closed (resp. co-closed) p-forms.4
For p = 1, (6.16) is written as ∆σ1 = nσ1 and thus
σ1 = df1 + d
∗η (6.18)
with f1, η ∈ ker(∆− n). The case n = 2 follows since η = ∗f2. For n = 3 and p = 1, since
p(n−p+1) = 3, (p+1)(n−p) = 4 and (6.16) is ∆σ1 = 3σ1, it follows that any solution σ1
must be closed and thus in (6.18) d∗η = 0. For n = 3 and p = 2 the analysis is analogous.
Therefore, there exist functions f1 and f2 in the kernel of ∆− n such that
σ1 = df1 and σn−1 = d
∗(∗f2), (6.19)
which proves the claim for n = 3. For n ≥ 4, notice that for p = 2, . . . , n− 2,
n
n− 1
p(n− p) < µn,p,
and thus the only solution σp to (6.16) is the trivial solution; therefore
σ = σ0 + σ1 + σn−1 + σn.
Since n < µn,2, for p = 1 it follows that in (6.18) η ≡ 0. The case p = n− 1 is analogous.
Therefore, there exist functions f1 and f2 as in (6.19), which finishes the proof. 
4These formulas are due to Calabi (unpublished). See [9] for details.
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A. The two-dimensional case
Here we analyze the Killing equation on Clifford bundles over surfaces. This equation is
much more restrictive than the twistor equation as the following result shows.
Theorem A.1. For a compact 2-dimensional M , there are nontrivial Killing sections of
Cℓ(M) with value λ if and only if λ = 0 and the gaussian curvature κ ≡ 0. Furthermore
any such section is parallel.
To prove this, a couple of preliminary observations are required. Firstly, using the
general fact that Cℓ(M) splits into a Whitney sum of its even and odd parts, it is easy to
see that the Clifford multiplication and the Dirac operator map the even into the odd and
viceversa, while the Weitzenbo¨ck operator preserves them.
By (6.2) and (6.3), it follows that for a two-dimensional M ,
Rσ = κσ1, (A.1)
for any section σ ∈ Cℓ(M), where σ1 is the odd part of σ.
Lemma A.2. For a compact 2-dimensional M , let σ an eigensection of D with eigenvalue
λ 6= 0. Then the even and odd parts of σ are non trivial and
λ2 ≥ minκ. (A.2)
Proof. Let σ0 and σ1 be the even and odd parts of σ, respectively. Since D shifts degree,
Dσ0 = λσ1 and Dσ1 = λσ0. In particular, since λ 6= 0 and σ is nontrivial then so are σ0
and σ1. Finally, using the Bochner identity and (A.1),
λ2‖σ1‖
2 = ‖∇σ1‖
2 + κ‖σ1‖
2 ≥ κ‖σ1‖
2,
from which (A.2) follows. 
The estimate from (A.2) is slightly better than that of (5.11), albeit in this trivial case.
Proof of Theorem A.1. Since σ is a nontrivial Killing section, Theorem 5.10 implies that
Rσ = 2λ2σ and Dσ = −2λσ. (A.3)
In light of (6.3), the first equation is κσ1 = 2λ
2σ, which is satisfied if and only if 2λ2σ0 = 0
and κ = 2λ2. This, together with the second equation in (A.3) and Lemma A.2 implies
that λ = 0 and κ ≡ 0. Conversely, λ = 0 means that σ is parallel; κ ≡ 0 that M is flat,
which guarantees the existence of nontrivial parallel sections. 
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